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1. PRESENTATION OF THE RESEARCH TOPIC

In a particular country there only exist two types of coins, though the problem can be
extended by considering having three or more types of coins.

Assuming you have an infinite supply of coins of the above types, what sums of money could
you pay at a store?

What if the cashier is allowed to give you change back in the same coinage?
What if the coins are rational numbers instead?

For a certain sum, what is the smallest number of coins needed to pay it?

2. BRIEF PRESENTATION OF THE CONJECTURES AND RESULTS OBTAINED

Problems of calculating different sums of money can often occur in real life. Although the
number of coins used may differ, this research topic offers a fascinating glimpse into the intricacies
of a unique currency system. In this paper we are presenting multiple methods of computing certain
sums according to the coins we have. We considered a limited number of coins (2 or 3) and even
with this reduced number, it can be observed that there could be obtained almost all the sums,
when the values of the coins are chosen properly, depending on the value of their greatest common
divisor. We also present different possibilities of giving change back.
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Topic Study

The number and values of banknotes used in other countries vary considerably depending
on the economy and financial system of each country. There are countries that use only a few types
of banknotes, and others that have a much wider range, covering various denominations.

For example, in some countries, currencies may be structured like this:
- A small denomination note (such as 1 monetary unit)

- Banknotes of higher values (5, 10, 20, 50, 100, 500, etc.)

In other countries, there may be a wider variety of banknotes, including higher
denominations such as 1000, 2000, 5000 or even 10000 monetary units.

Observation.

The country with the least number of banknotes used is Brunei, which uses the currency
BND (Brunei Dollar) and has the following values:

1 dollar
5 dollars
10 dollars
50 dollars

Zimbabwe, at one point, had one of the highest numbers of banknotes used in its currency
due to hyperinflation. In the late 2000s, Zimbabwe experienced extreme hyperinflation, leading to a
situation where the value of its currency plummeted rapidly, and the government printed banknotes
in very high denominations to keep up with the soaring prices. At its peak, Zimbabwe printed
banknotes in denominations as high as 100 trillion dollars (Zimbabwean dollars), which was an
astronomical number and symbolic of the hyperinflation crisis the country faced.

3. SOLUTION
For two banknotes, with values m,n, where m 1 n and m,nTD "

e Ifm=1and n 1] , we can obtain every sum, which are natural numbers, using S
banknotes of value 1.
e For m,n 11, we analyse two cases.

1. (mn)=d,d € N*,d #1 = Sis going to be a multiple of d # 1. We can’t pay any sum of

money, since d | m and d | n, any sum of money has the form am + bn, where a,bTD "
then d will divide the sum am + bn.(1) (2)
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An accurate example for this case can be the next one:

We suppose thatm = 4 andn = 6; (4,6) = 2 = V S, sum of banknotes that can be obtained,
can only be a multiple of 2.
e ForS =4k, k € N* = S can only be paid by using k banknotes of 4
o ForS=4k+2,keN">S=4k—-4+6=4(k—1)+6,(k—1€N)=>We can pay S
with k — 1 banknotes of 4 and one of 6.
e ForS = 2, the sum cannot be paid.

In conclusion, we can obtain every sum of money, as long as S = 6 and S is an even number,
which means that we cannot pay all sums when (m,n) =d > 1.

2. For (m,n) =1, we will consider the next cases:

l. M=2and N=3
M =2 = All sums S that are even can be paid with S: 2 banknotes of two, since S is even.

All odd sums S > 3 can be written as 2k +3, where k € N = S is going to be paid with k
banknotes of two and one of three.

Thus sum S =1cannot be attained.
In conclusion, in this case, all sums S > 2 can be paid.

Observation. In this11)(2 case, we can pay any sum equal or greater than 2 ;
m-1Mn-1)=3-1DH)2-1)=2
.  m=3and N=5
Since N=5=>S with last digit 0 or 5 can be paid; S >5

Since m=3=> S with last digit 3 or 3-2=6or 3-3=9 can be paid (to complete the sum,
we add 2x5xk =10k, k 1 [J).

Since N+mM =8 = S with last digit 8 can be paid. (S =10k +8,k T1l );S$38

We have demonstrated that S can be paid if its last digitis 0, 3, 5, 6, 8 or 9.

e For last digit 1, we will use the next method(3):

S=5(2k+1)+2x3=10k+11Lk T P Allsums S with last digit 1 can be paid (S >11)
e For last digit 2, we will use the next method(4):

S =314+ 2x5k =12+10k,k TT P Al sums S >12 with last digit 2 can be paid.

e For last digit 4,S =33+5+52K =144+ 10k, k € N> S can be paid for S >
14(5)

e Forlastdigit7,S =3.4+4+5+ 52k =174 10k, k € N = § can be paid forS > 17 (6)

So, all sums S >8 can be paid.
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In conclusion, it can be observed that, for the considered cases, all sums beginning with
(m-=1)(n—1) can be obtained only if (m,n) =1(7).

In the following, we will use the next important result:
Bézout's identity:

Bézout's identity states that if gand b are positive integers with the greatest common
divisor d, then there exist integers x and y, such that ax+by: d.Moreover, the integers of the
form az + bt are exactly the multiples of d.

Demonstration:

We will denote by WOP = Well ordering principle, which states that:

Any nonempty subset formed by natural numbers admits a minimal element (Is not true with
negative numbers, because there is no minimum(8))

Let S = {xa + yb|x,y € Z,xa + yb > 0}. Then, S is included in N, because of WOP (9). So, it has a
minimum, that can be noted as m.

The idea is to consider d = (a, b). We will prove that d|m (m = d) and m is a common divisor for a
and b,d = m.

m belongs to S = There exist x, y so that m = xa + yb.
d|la,pb<d|aandd|b=d|xaandd|yb=d|(xa+yb) < d|m (1)

There exists 2 positive integers g and r < m, so thata = gqm + r. We assume r > 0.
Then,r=a—gm=r =a—q(xa+yb) =a—qxa— qyb = (1 — gx)a + (—qy)b which means
that r belongs to S, < m. That means that there is a number smaller than the minimum of § =

Contradiction.

The assumption is false(10). So, r = 0 and m|a. Similarly, m|b. Because m|a, m|b and m|(a, b) =
m|d (2)

From affirmation (1) and affirmation (2), we conclude that m = d. Ultimately, there exist x and y so
that (a,b) = d = xa + xb (Q.E.D.).

Let a and b be the two natural, non-zero, values of the banknotes.

Assuming that the cashier can give us change back in the same coinage, we analyse two main cases:
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1.
2.

(a,b) =1
(a,b)=k;keN"k#1

Before analysing those two particular cases, we have observed, from real life, that sometimes we do
not need to receive this much change, as in the following example.

If the price of the product is 3a + 2b, if we pay the sum 4a + 3b, the cashier would give us

in exchange the sum a + b, which does not make any sense, considering the fact that we could pay
the entire price by using 3 banknotes of value a and 2 banknotes of value b from the start.

1.

(a,b) =1
We consider m, n the number of two different banknotes paid and p, g the number of two
different banknotes given back by the cashier. (m,n,p,q € N)

a b Total
Buyer m n am+nb
Cashier p g ap +bqg
Final Price m-—p n-g a(m-p)+b(n-q)

Let M—pP=U and N—Q=V; u,vell . We analyse the following subcases:

If u,v>0, as previously mentioned in our initial observation, it lacks coherence.(11)
If u,v<0,the price a-u+b-v<0=>Contradiction(12).

If Uor V<O, the sum S can be paid and we can demonstrate that by using Bézout’s
Theorem: (a,b) =1 = 3Ju,v € Zso that a-u+b-v=1=S =1can be paid, under the
assumption that the cashier can give us change.(13)

Let S € N* a sum of money. We can demonstrate that S can be paid.

Sinceau+bv=1=a.(S.u) + b.(S.v) =S5,VS € N*

2.

(a,b)k; k eN*" k> 1
From an extension of the Bézout’s Theorem, we know that: (a,b) = k = 3 u,v € Z so
that a-u+b-v=Kk.
Since au + bv =k = a.(S.U) + b.(S5.v) = k.S, S receiving any natural non-zero value.
So, the product can only be a multiple of K.

Let a, b and ¢ be three natural non-zero values of the banknotes and S all the natural non-zero sums
that can be obtained using only these 3 banknotes.
Assuming that the cashier can give us change back in the same coinage, we analyse three main

cases:

1.

(a,b,c) =1and at least one of (,b); (b,c); (c,a)is 1.
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In this case, we can apply the formula from the case with two coins:
(m-1)(n-2),if (m,n) =1
So, all the sums S > (m—1)(n—1) can be paid in this case.
Examples:
If a=3,b=5,c=7-we can apply the formula foraand b to find the minimum value of S.
If a=2,b=4,c=5-we can apply the formula foraand ¢ because (a,c) =1.
Conclusion: We can obtain all sums S >(m-1)(n-1).

2. (a,b,c)=1and (a,b)=p, (b,c)=q, (a,c)=rwherep,q,r € N*andp,q,r # 1.
Example:
Ifa =6,b=10,c = 15,- we can obtain all sums thanks to the number 6, starting from 30.
Conclusion: We can obtain all sums S starting from a specific value.

3. (a,b,c)=n,wheren € N*,n > 1.
Example: a=6,b=9,c=15 (n=3)
Conclusion: S can only be a multiple of N, so we can’t obtain all sums starting from a specific point.

int exactMinCoins(int m, int n, int p, int
int dp[s 1;
dp[e] H

(int i HEE ! 3 ++i) {
::min(dp[i], dp[i
::min(dp[i], dp[i

::min(dp[i], dp[i

m, n, p, S;

::cout "Choose value m: ";

::cin m;

::cout "Choose value n: ";

::cin n;

::cout "Choose value p: ";

::cin *H

::cout "Choose the sum of money needed: “;
::cin s;

minCoins exactMinCoins(m, n, p, s);

(minCoins s) {
std::cout "The exact number of money needed in order to pay the sum " "is: " minCoins

std::cout “The sum " s " can not be paid using coins of values "

>
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The provided C++ code solves the problem of calculating the exact number of coins needed to pay a
given amount using three distinct coin values: m,n and p. Here is a concise explanation of the code’s
functionality.

e Function exactMinCoins:
1. Takes four parameters: m,n,p and s, where m, n and p are coin values, and s is the
target sum to pay.
2. Utilizes dynamic programming to compute the exact minimum number of coins
needed to pay the sum s.
3. Constructs a vector dp where dpl[i] represents the minimum number of coins
needed to pay the sum i.
4. Calculates dpli] by considering coins with values m, n, and p.
e Function main:
1. Prompts the user to input values for m, n, p, and s.
2. Calls the exactMinCoins function to obtain the result.
3. Displays the result or a message indicating that the given sum cannot be paid with
the provided coin values.

In summary, the code efficiently employs dynamic programming to determine the exact number
of coins needed, considering three distinct coin values, to pay a specified sum s.

int gcd(int a, int b) {
(b )) 4

a;

gcd(b, a b);
}

int exactMinCoins(int m, int n, int s) {
int greatestCommonDivisor gcd(m, n);

(s greatestCommonDivisor ) £

3

}
int dp[s 15
dp[@] H
(int i 2 6t S5 i) {
dp[i] = s + 1;
i m) {
dp[i] std::min(dp[i], dp[i m] s

(i n) {
dp[i] std::min(dp[i], dp[i n] )5

dp[s];
}
int main()
int m, n, s;
std: :cout "Choose value m: ";
std::cin m;
std: :cout “"Choose value n: ";
std::cin n;
std::cout "Choose the sum of money needed: ";
std::cin s;
minCoins exactMinCoins(m, n, s);
(minCoins ) {
std: :cout "The exact number of money needed in order to pay the sum " o S5 minCoins
{

std::cout "The sum " s " can not be paid using coins of values " " a " n
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The provided C++ code solves the problem of calculating the exact number of coins needed to pay a
given amount using two distinct coin values: m and n. Here is a concise explanation of the code’s
functionality.

e Function exactMinCoins:
1. Takes four parameters: m,n ands, where m and n are coin values, and s is the
target sum to pay.
2. Utilizes dynamic programming to compute the exact minimum number of coins
needed to pay the sum s.
3. Constructs a vector dp where dpl[i] represents the minimum number of coins
needed to pay the sum i.
4. Calculates dpli] by considering coins with values m and n.
e Function main:
1. Prompts the user to input values for m,n and s.
2. Calls the exactMinCoins function to obtain the result.
3. Displays the result or a message indicating that the given sum cannot be paid with
the provided coin values.

In summary, the code efficiently employs dynamic programming to determine the exact number
of coins needed, considering two distinct coin values, to pay a specified sum s.

For the first case where we have 2 banknotes (x and y,x,y € N*, (x,y) = 1) and we want
to show that it isn't possible to get xy — x — y but we can get any number starting from xy — x —
y+1.

We will have 3 parts to analyze:
a. xy — x — y cannot be achieved;
b. xy —x —y+ 1is possible to obtain;
c.  Any number with the form xy — x —y + 1 + n can be achieved, V n € N*.

Demonstration:

a. Suppose, by contradiction, that there exists a, b € N so that
xy —x—Yy =ax + by (1).
Mexy=x(a+D)+yb+1)>y=>y|lx(a+1),x|ly(b+1)=y|(a+1),x|(b+1);
yila+1),x|(b+1),(x,y)=1=b+1=2x,a+1>y;
xy=(@+1D.x+b+D).y=>2yx+xy=2xy=>1=>2(x,y € N') = Contradiction
There do not exist any positive integers a and b so that xy — x —y can be achieved
Vx,y € N*, (x,y) = 1,xy —x — y cannot be achieved.

b. xy—x—y+1=ax+by(2) ;
Bezout’s lemma = dp,q € N* so that 1=px—qy(3)
(2),B)=xy—x—y+px—qy=ax+by ;
Now we have to demonstrate that 3 q that satisfies (3) sothatx —1—¢g=>0&=g<x -1
We will consider (Po,q0) € N* X N* a solution for 3) ;
We observe that, for all t€Z(py+yt,qo+xt) is a solution of 3) .
Indeed, px — qy = x(po + yt) — y(qo + xy) = xpo + xyt —yqo — xyt = xpy +yqo = 1.
By  Euclidean  division, q¢=1[qo:x].x+r0<r<x-—1,r is an integer.
We will choose t = —[qy:x] = qo+xt=7r<x—1= We will choose q =qq+ xt;
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The problem is solvedla=p—1(=0)andb=x—1—-q(=0)and b=x-1-q (>0).
xy —x —y + 1is possible to get, V x, y N*, (x,y) = 1.(15)
c. Using in the same way Euclidean algorithm, we can obtain (generalize) for all n, a possible
way of writingxy —x —y + 14+ n asax + by.
4. CONCLUSION

In order to solve this problem, we have first analysed some particular cases and real life examples.
We have observed that if there are only 2 different banknotes (of value a and b) all sums greater
than (a — 1)(b — 1) can be obtained. Using Bezout’s identity, we have demonstrated this result and
we have solved the case in which the cashier can give change back in the same coinage. Also, we
have created a C++ code that calculates the exact number of coins needed to pay a certain sum,
using only two banknotes.

Notes d’édition

(1) When m and n are integers, (in, n) is the greatest common divisor of m and n.
(2) So the buyer can only pay some multiple of d.
3)§=10q+1,5=211=29g>1,5S=10(q—-1)+10+1=2x5(g—1) + 11.
(4)§=10q+2,5212=29g>1,5=10(q—1)+10+2=2x5(g—1) + 12.
(5)§=10q+4,5>214=29g>15S=10(q—1)+10+4=10(q — 1) +3.3+5.
(6)S=10q+7,5=217=q¢=>1,5S=10(q—1)+10+7=10(q — 1)+ 12 +5.

(7) The correct observation is the following : if (m, n) = 1, all sums beginning with (m — 1)(n — 1)
can be payed. In pages 8 and 9, a (partial) proof of this property in the general case is given.

(8) But we can say that any non empty set of negative integers admits a maximal element.
(9) We should read : S © N and, because of WOP, admits a minimal element.
(10) The assumption « r > 0 » is false.

(11) In this case, the cashier returns m — p coins of type a from the m coins given by the buyer
(which is a little useless)

(12) A price is always positive so this case never appear.

(13) If the price is exactly of the form aa — b, a > 0, 8 > 0, the buyer gives a banknotes of type a
and the cashier returns 8 coins of type b,som —p =0 =n —q.

(14) Apply here the Gauss Lemma : if (m,n) = 1, (m|nq = m|q).
(15) Notation [qq, x] is the quotient of g, by x in the Euclidien division.
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