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1. PRESENTATION OF THE RESEARCH TOPIC

In this article,we are counting paths that jdiwo opposite corners of a rectangular grice
grid is supposed to represent the street mapt@iva center. Two grid sizes and various traffic
restrictionsare considered.

2. BRIEF PRESENTATION OF THE CONJECTURES AND RESULTS OBTAINED

In the following, we will agreethat:
node = the intersection point of two lines of the map
street= asegment that unisgwo adjacent nodes of the map
path= asuccessionf streets

Diagrams(/ ) and (/) below represent thenagping of the streets from theener of two

towns Little Rockand respectiely, Big Hill. Each side of a square representhew street, and
in each node on¢ouristic attraction exiss. On each ofthese streetsyou can walk §s a
pedestriahin any drectionor you can drivenly in two directiors, rightward or upward
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We intend to address the following problems:

(a) In how many ways caone drivefrom pointA to pointB of theLittle Rocktown without
courting the possible restrictions from the route?

(a,) Same guestion as (a), but withtherestriction to pass through attraction

(a,) Same question aisi(a), taking into account that the traffic is closed dine street
marked inFigure (/ ) (in otherwords, the respective square becomes inaccessible).

(ag) For which street, supposing it is closed, the number of ways\ohgirirom A to B is
minimal? Is this the only street having this property?

On two of theBig Hill town street{marked in the figurepccesds forbiddenfor cars and
pedestriansalike.

(b) In how many ways can one drive from pofto pointB of Big Hill, taking into account
the restrictions?

(c) Two walkers,Alin andBianca depart simultaneousfyom pointsA andB, respectively.
Alin may move only one square right or upwards, wBiEncamay maoe only onesquare left
or downwards(when looking at the grid from the same perspecti¥®y each of them, the
choice of direction is made with equal probabilities in every intersection. What are the odds that
Alin andBiancameet?

(d) Apartfrom the two above mentioned restrictions, other streets in the town will be under

repair and will benaccessibldor a while. Find out the maximum number of streets that can be
under repair simultaneouslgp that all thetouristic objectives are connesd to pointA by at
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leastonepath. We maintain the original rules of movement. The path startidagraty end in
any point fouristicobjective).

We shall solve the traffic problems in two ways: analytically, by using tools from
combinatorics and numieally, using C++ programming.

3. THEORETICAL NOTIONS

A. Let n€e “. The product! =1-2-....n is calledn factorial. By convention 0!=1.
We observe that! =(n! 1)!I' n, forany n€e *.
Letnee *, k! | K n The number ofsubsetswhich havek elementsof a set with n

) . . " . In"
elementds namedcombinationf n elements takekat a timeand itis written asy q-
0,

In" 1 n" . . . .
Of course;,'gik $='§Wk , becausechoosinga subsetwith k elementsis equivalent to
0 1

choosng asubset withn! k elements to be left out.

| nll nl |

It is known thaty ¢=—————,foranyn" «  and anyk! ! ,K n
H ko &) Y

B. Theorem (Principle of inclusiorexclusion for two set$f A andB are two finitesets then

A Br [A |8 [# B

Figure 1
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In other words, given 2 finite sgtthe number of elements belongingatdeast one of the
sets isequal to the sum of the number of elemdant®each set, from which we swact the
number of elements common to the 2 sets.

C. The multiplicationprinciple (the product rule) If A andB are two sets and\! B notes
their Cartesian pragtt (.e. Al B={(a |4 A"b B), then

A B A8 ay

Otherwise statedgiven two finite sets, the number of ways in which one can form ordered
pairs in which the first element is in the first set and the second element is in the second set is
equal to the product of the number of elements of the two sets.

Formula(1.1)generalies to a finite number of sefg A,! , A:

AtALIE A A AL AL
4. THE SOLUTION

(a) In how many ways canone drive from point A to point B of the Little Rock town
without counting the possible restrictions from he route?

First method

We arecomputing the number of paths starting frérmand ending inB, satisfying the
requirements in the problerigure 2illustrateshow we must proceed:

1 4 10 20 35 56OB

1 3 6 10 15 21

Figure 2
So we observe that the number of paths ffoto B which respet all theconditionsis 56.

Second method

Because a car canove acrosstreetsonly in two directiors, rightward or upward to arrive
from pointA to pointB we must go five streets to the right and thsreetsupward,in a certain
order.To describe lhe path, wecan picturethat we have fivaR letters and thred letters. When
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the car goes to the right we wrikeand when it goes upward we wrlte For each pasble route
we obtain a unique sequenafeeight lettersFigure 3demonstratethis.

B

RRURRURU

Figure 3

To calculate the number of possible muéturnswe calculate the number of different
sequence which are wrienwith five R letters and thre¥ letters.

We observe thato constructa sequene knowing the position of the thre® lettersis
enough So it is enough to know which are the 3 numbers from 1 to 8 wtoctespondo the
position ofthe U letters in thesequene. These 3 numbers form a subset with 3 elements from

the setP:{l,2,3,4,5,6,7,8}. In conclusion, the number of possible tesuis the number of
. : 18" 8! _o#7 & _
subsets with 3 elements from th&tP with 8 elementsthat |s§} 0 ——— =———,=56

More general, if the mawas a rectangle with lengttomposedy a number ofstreets and
the width being @& number ofstreets the number of roes from whicha drivercan choose to

_ b b b)
getfrom one corner othemap to the opposite corner would EJ%Jr ) = (a; ) = (4 |+b|) :
a a:"D:

Third method: C++ program

Let us considethegrid from FHgure 4

(1,1 (1,2 (1,3) (1,4) (1,5) (1,6)

@1 22 23) (24) (2,5 (2,6)

(3,1) (3.2 (3,3) (34 (3,5) (3.6)

@) 2 453) @4 45) 4,6)
Figure 4

"#$%&'%()"*+,-./0 k.12, 345&6785,*9:74,38<=9>?& *&6@8AAEB,COD7
FI6&K



main.cpp X

#include <iostream
using namespace std;
int i,j,n,m,h[10][10];
int main()

{

W oy O W DN

cin>>n>>m; Process returned 0 (030)
for (i=n; i>=1; i--) Press any key to continue.
for (j=1; j<=m; j++)

9 if (j==1||i==n)

10 h[{i][j]=1

11 else

12 h[i][j]=h[i+1] [j]+h[i][J-1

13 cout<<h[1l] [m];

14 return 0O;

15 }

=
)}

For n=4 andm=6, we dtain56. In the programn is the number ofertical nodesm is the
number ofhorizontalnodes and the elemehti][ j] of the matrixh storeshow many paths arrive

in the node(i, j), with 1! i nand1! j! m (node coordinatearegivenin Figure4).
(al) Same question asn (a), but with the restriction to pass through attraction O.

First method

Each path fromA to B is composd by apath fromAto O and a path fron© to B (paths
which resgct the conditiog) (Figure 5.

The pathOs map fromto O is a rectangle with Iengtbomposeoby 2 streets and width

. 11+2
composedy a street, so the number of possible epig 4 #_tb 53 The pathOs map from
% 1 & Yo
O to Bis a rectangle with Iengtd:omposecby 3 streets and W|dtctnmposed)y 2 streetsso the

12+3 153
number of possible roed |s# $_8§ §

21%1 =10 (see kgure 6.

In conclusionaccording tathe productrule, the number ofautes from A to B, which pass
throughO, is 3!10= 3C.
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Figure 5 Figure 6
Second method C++ program
In addition to the fist program,(X, y) is the node we must pass through.

main.cpp X

1 #include <iostream>

2 using namespace std; B | "E\Info\a2 mathENJe... - O X
3 int i,3j,%=3,y=3,n,h[10][10],m;

4 int main()

5 . Process returned 0 (0x0)
: D Press any key to continue.
7 for(i=n; i>=x; i--)
8 for (j=1; j<=y; j++)
9 if(j==1||i==n)

10 h[i][j]=1

11 else

12 h[i] [j]1=h[i+1][j]1+h[i][]j-1]:

13 for(i=x; i>= i—-J

14 for (j=y; j<=m; j++)

15 if (i==x&&j>y)

16 h[i] [j]=1:

17 else

18 if (i<x&&j==y)

19 h[i][j]=1

20 else

21 if (i<x&&ji>y)

22 h[i] [j]=h[i+ jl+h[i] [j-1

23 cout<<h[x] [y]*h[1] [m];

24 return 0;

25

26

For n=4 andm=6, we obtain30 paths

(a,) Same question ain (), taking into accountthat the traffic is closed on streetCD
(see Fgure 7) (in other words, the respective square becomes inaccessible).
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Figure 7 Figure 8
First method
One may count the number of paths that verify theicish by subtracting the number of

paths fromA to B (which is 56, according to poin{a)) and the number of paths that contain
streetCD closed to traffic .

A path that contains stre€D is composed of a path froAto C, streetCD and a path from
D to B (see Figure B

13+1" 1 4 :
The number of paths frodto Cis 4 ¢ #% % 4. The number of paths from to B is
%l & % &

12+1 13 3
# S # Fo
% 2 &%% &

Summing thesehere are4!1! 3= 12 paths which contain stre€D.

In conclusion, the number of paths which avoid st@Btis 56! 12= 44.

Secor method: C++ program

In this program the coordinate$ point C are (x, y) and the coordinates of poibtare, of
course,(x, y+1).
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main.cpp X

#include <iostream>

1

2 using namespace Std,’ B | "E\Info\a3 mathENJea.. — O X
3 int i,j,x=3,y=5,n,m,h[10][10];

4 int main() Process returned 0 (0x0)
5 |{ Press any key to continue.
6 cin>>n>>m; -

7 for (i=n; i>=1; i--)

8 for (j=1; j<=m; j++)

9 if (j==1||i==n)

10 h[i][§]=1;

11 else

12 if (i==x&&j==Y)

13 h[i] [J]=h[i+1][J];

14 else

15 h{i] [J1=h[i+1] [J]1+h([i][3-1];

16 cout<<h[1] [m];

17 return O;

18 }

19

Forn=4 andm=6, we obtaind4 paths

(as)For which street, supposing it is closed, the number of ways of driving fror to B
is minimal? Is this the only street having this property?

First method: C++ program
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main.cpp X

19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
33
36

DO J o bW

e Y e = S
O U WN R O W

#include <iostream>

using namespace std;

int i,7,x,y,nrmin=57,xminl, xmin2, yminl, ymin2,nr=0,n,m,h[10] [10];
int main ()

=R

cin>>n>>m;
for (x=1; x<=n; x++)
for (y=1; y<=m; y++)
{for (i=n; i>=1; i--)
for (j=1; j<=m; j++)
if (§j==1|1i==n) {h[i][j]=1;if (x==n&&j>=y)h[1i

else
if (i==x&&j==y)h[1i] [J1=h[i+1][]];
else
h{i] [J1=h[i+1] [J1+h([i] [j-1];
if(h[1l] [m]<nrmin&&h[1] [m]!'=0)nrmin= h[l][ ],xminl=x, yminl=y,nr=1;

else
if(h[1] [m]==nrmin)nr++, xmin2=x, ymin2=y; }
for (x=1; x<=n; x++)
for(y=1; y<=m; y++)
{
for (i=n; i>=1; i--)
for (j=1; j<=m; j++)
if (j==1|li==n) {h[i] [jJ]=1;1f(y==1l&&i<=x)h[i][]j]=0;}

else
if (i==x&&j==y)h([i] [j]=h[i][j-1];
else
h{i] [j]=h[i+1] [J]1+h[i] [J-1];
if(h([1] [m]<nrmin&&h[1] [m]!'=0)nrmin=h[1] [m],xminl=x, yminl=y, nr=1;
else
if (h[1] [m]==nrmin)nr++, xmin2=x, ymin2=y; }
cout<<nrmin<< <<nr<< ;

cout<<xminl<< <<yminl-1<< <<xminl<< <<yminl<< ;
cout<<xmin2<< <<ymin2-1<< <<xmin2<< <<ymin2<< ;
return O;

The variablenrmin returns the minimum number of paths, and the pair of variables
(xminl,yminland(xmin2,ymin2xarry the coordinates of the final nedef the searched streets.

For n=4 andm=6, we obtain that the minimum number of pathisThere ardwo streets
with this property, namelyhe street that connects nodfds5) and (1,6) and the street that

connects node@, 1)and (4, 2).

Second methodA computingmethod

The number of paths thebnOt contaia given street iminimal if and only if the number of
paths containing that street ismaximal. For each streeCD of the map, we count
how many paths contain that street. A path thraDBhs canposed by a path frodto C, street
CD and a path frond to B.
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i) If the street is horizontal and joins poi@t of coordinatega,b), with point D, of
coordinatega+1,b), whereO<a=<4, 0! bl 3 (see Figure P then the map of paths from
to Cis aa! brectangle and the map of paths frobhto B is a rectangle with sides of length
5! (a+ 1= 4 aand3! b. Therefore, bythe product rule the number of paths that contain
streetCD is
Dl(a,b):;/gﬁb#ﬁu(f/fo! at (3 b# _(a+h)! (7! d b! _
Pa 4ta  ( “aisd (4193 D!

i) If the street is vertical and joins poid@, of coadinates(a,b), with point D, of
coordinateqa, b+1), whereO! al 5, 0! bl 2 (see Figure 10 than the map of paths frof
to Cis aa! brectangle and thenap of paths fromD to B is a rectangle with sides of length
5laand3! (b+ 1= 2 b. It follows that the number of paths that contain st@is

Dz(a’b):'(;/oa+b#§"(05/o! ajy (2 b# _(a+h! (7! d B! _
Pa 5ta ( Calgd (51!9!$2 !B

We are now investigating the position atid orientation of the stre€@D for which the
number of paths passing through this street is maxiriehave the followingases:

¥ If b=0, then
D,(a,0)=1" (7ta)! _@3 a)6 ajlr a);
(4! a)r 3! 6
D,(a,0)= 1" (7! a)! :(6! a)(¥ a).
(5! a)r 2! 2

Because expressiofid a,8 a,7 aget larger a a gets smaller, the maximum values in
this case ard,(0,0)= 3tandD,(0,0)= 21; we keep in mind the highest valug,(0,0)= 3Et.
¥ If b=1, then
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Dl(a,l):(a+1)!" (6!'a)! _(arD@E a)(6 a);
al"ll (4! ar2! 2
_(a+h!, (6l a)! _
D)= (5! ar =@+e!a).

From the table ofalues

alo[1|2]3[4]5
D,(al) | 15| 20] 18[12[ 5

D,(a,1)| 6 |10/12112110| 6
we reasorthat in this casé), and D, take on values smaller than 35.
¥ If b=2, then

_(a+2)!, (5!'a)! _(ar1)(a-2)3 a)
D(a2)=" (41 ary 2

and the table of values
alo|1]2[3]|4
D,(a,2) ‘ 5 ‘ 12‘ 18‘ 20‘ 15
shows, again, smaller values than 35. Moreover,
+2)! + +
Dz(a,2):(a 2) !1:(a (a 2),
all2! 2
and the exmssionsa+1,a+ 2 get larger asa gets larger, hence the highest value that we can
obtain isD,(5,2)= 21< 3t

¥ If b=3, then

)= (a+3)! 11= (a+l)(a+2)(a+3)

Coanst oo 6 ’
and the expressiona+1,a+ 2,a+ 2increase as increases, so the maximum value in this case
is D,(4,3)= 3t

D,(a,3

In conclusion, the largest number of paths, 35, p#berthrough the street that joins the
points of coordinate§0,0) and (1,0) or through the street that joins the points of coordinates

(4,3) and (5, 3)(the problem hasvo solutionsbsee Figure 1)1

© %

B

Figure 11
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We observe that the street that joins the points of coordif@téyand (1,0) is the street
that joins the nodef,1) and (4,2) from the C++ program (see Figurg Also, the street that
joins the points of coordinatgg, 3) and (5, 3)is the street that joins the nod@s5) and (1, 6)

from the program.

If one of these streets closes, the number of ways of driving AréorB is minimal. More
precisely, sine the total number of paths that jé\randB is 56, there ar®6! 35 2 possible
paths left, as the C++ program also states.

On two of the Big Hill town streets (as marked in Figure 1paccesss forbidden for cars
and pedestrians alike

(b) In how many ways can one drive from pointA to point B of Big Hill, taking into
account the restrictions?

MI
A©

Figure 12 The center of the towig Hill

First, since the map in Figure iRa rectangle with the longer side oftBests and the shorter
side of 5 streets, proceeding as at pgajt, we infer that if none of the streets had been closed to

traffic, the number of possible paths frémo B would have been
19+5" 14! 1041142 #3 ¥4

D,, = - =2002
©=2 5 Wousl 12 %454

In order to elculate how many paths avoid strektisl and PQ, we will subtract fromD ,,

the numberD_ ., of paths that contain at least one of the stri#¥NsandPQ. According tothe

close

inclusionexclusionprinciple, the valueD,, ., is the sum of the numbdp,,, of paths fromA to

close
B that contain stree¥IN and the numbeD,, of paths fromA to B that contain stree?Q, from
which we subtract the numb@®,,, ., of paths fromA to B that contain both streets, because

these paths have been summed twice.

"#$%&'%()"*+,-./0 k.12, 345&6785,*9:74,38<=9>?& *&6@8AAEB,COD7
Fo6é&l) ,



e O

AO

Figure 13

A path fromA to B including streeMN is the union of a path frorA to M, streetMN and a
path fromN to B (see Figure 13 Because theap of the streets fromto M is a 4! 1 rectangle,

[
there arey $— #fb 55 possible path&-M. Since the map of the streets frohto Bis a5! 3
%1 Yo

I5+3' |
rectangle, there arei5 /EL-W—B-SG admisible paths N-B. Therefore,

5481 6
D, =5!1!156= 28!,

A©

Figure 14

A path fromA to B via streetPQ is the union of a path fromA to P, streetPQ and a path
from Q to B. As the map of streets froAto P is a 6! 3rectangle, and the ap of streets fronQ
to B is a square with side length(see Figure 14 we obtain analogously that

16+3 1242 1 91 4 9l ! D 34
PQ£6%$ %$82/$-%;E|% = 504

Finally, a path fromA to B containing street®IN andPQ is the union of a path fro to M,
streetMN, a path fromN to P, streetPQ and a path fron@Q to B. Because the map of the streets
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from Ato M is a4 !1rectangle, the map of the streets frbino P is a2! 1rectangle, while the
map of the streets froQ to B is a square with side length (seeFigure 15, we get ,

(1441 12+ 1 2+42 1 "5l "3 "4 ! 34
DMN’PQ—gl %?1 .%&#5 | (?j-%%@g-"/é§¥%£f 155 #9C

’:U

A 4

Ve \o

A

Nt\

.|
I

Figure 15

Consequently,D,,, ., = Dy, + Dpy = Dy 5o =280+504-90 =694, hence the number of
paths fromAto B which avoid the restrictestreets areD,, ! D, = 2002! 694 1308.

Ci

(c) Two walkers, Alin and Bianca, depart simultaneously from points A and B,
respectively. Alin may move only one square right or upwards, whileBianca may move
only one square left or downward (when looking at the grid from the same perspective)
For each of them, the choice of direction is made with equal probabilities in every
intersection. What are the odds thatlin and Biancameet?

Because the map of the paths frérto B is a9! Srectangle, in order to get frofto B, no
matter what path he may choosdéin must walk 9 streets to the right and 5 streets upwards, that
is 9+5=14 streets. Likewise, in order to get frddto A, Biancamust also walki4 streets (9 to
the left and 5 downwardsgupposing they walk at the same speethey must meet halfway,
that is, after each of them walkéd:2 =7 streets.

Alin can walk the 7 streets i equally possible way beause from every node of the grid
he has two equally possible ways of choosing the direction. Analogdialyga also has?’
equally possible waysf avalking 7 streets. Hence, ltige product rulethe pairAlin-Biancamay
movealong 2’2" = 2 equally possible trajectories.

On the other hand, as they meet, we can merge their trajectories and we get a path that
connects pointA and B, travelling to the right or upwards. In other words, the set of the
favorablecases is the set of all paths connecthgndB, on the conditions of the problem. The

"#$%&'%()"*+,-./0 k.12, 345&6785,*9:74,38<=9>?& *&6@8AAEB,COD7
FO6&IK,



o

114 . . . .
number offavorablecases @(5 ¢= 2002, thus the probability thaklin andBiancameet is equal
% &

to 2;?2: 12(1)9 L 811(;02} 0122. Otherwise stated, the oddsat Alin and Bianca meet are

approximately 1:7.

(d) Apart from the two above mentioned restrictions, other streets in the town will be

under repair and will be inaccessiblefor a while. Find out the maximum number of streets
that can be under repair simultaneouslysothat all the touristic objectives are connected to
point A by at least one path. We maintain the original rules of movement. The path
starting at A may end in any point ouristic objective).

We count how many stresewe may close if we want to reach frémto any other node, not
necessarily getting tB.

Node N,, the bottom right corner of the rectangle, can be reached only by following the
bottom edge of the map, hence the streets on this eahnot be under repair. At its turn, node
N,, the uppeteft corner of the rectangle, can be reached only by following the left vertical edge
of the map, hence the streets on this edge cannotdss tepair either (see Figure)ln this
way, we obtain thaeverynode on these two edges can be reached by a path sta&ing at

N2 0B

A ON,

Figure 16

The rest of the nodes on the map can be reached from two directions (namely, from the left
and from below), hence if we keep one of theseettrave may have at least a path fraro
eah of these nodes. Since the gnaks10 nodes on the horizontal arf@lnodes on the vertical,
by removing thelO+ 6- 1= 1 nodes on the left and o sides, there ar@ 10- 15= 4t
nodes left. In conclusion, in this case we may close at Afostreets

An example of stras closure is given in Figure 17
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Figure 17

5. CONCLUSIONS

We have answered all theagtions comietely. We have also added supdintary tasks to
the problem, such as the C++ programming and different approaches to the sdBytion.
studyingthis problem, we have learnetbre techniques in combinatorics, probability theory and
their applications. The problem could be a starting point in solving more delicate problems, such
as the traffic light coordination problem in busy city centres.
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