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[Presentation of the research topic]

The tower represented in this image is built of matching cubes, of side 1, stacked one over the
other and glued to the corner of a wall. Some of these cubes are not visible from this
position/perspective.

a) How many cubes will a tower of height of 30 have?

b) A number n > 3 of cubes, placed side by side covers perfectly a square. For what values
of n can we rearrange the cubes so that we can build a pyramid as the one in the image,
without remaining any unused cubes? For every found value of n, what height has the
built pyramid?

C) Build a regular triangular pyramid by overlapping some spheres of diameter 1 (instead of
cubes). What is the height of such a pyramid formed with 1330 balls?

d) What is the volume of the minimal tetrahedron in which the pyramid found at point ¢) can

be inscribed?
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[Brief presentation of the conjectures and results obtained]

Part a)

How many cubes will a tower of height of 30 have?

Solution 1

In the first part, we found a rule of how is the figure made.
> In the first layer, seen from the top, we see a single cube.

> In the second layer we see (1 + 2 = 3) cubes.

> In the third layer we see (1 + 2 + 3 = 6) cubes.

> And so on...

> So we find a rule of the number of the cubes that are in a layer.

We found after that a rule of the number of the cubes that are in a layer.
This equation is
n=1+2+3+--+k

A+ k
n=ET

where k is the number of the layer and # is the number of cubes in that layer.
By using that rule, we find the final number of cubes for a pyramid of height 30, that is 4960.

Solution 2
We denote by C,, the number of cubes that are in a tower having n > 1 levels.
We can easily observe that:
C; =1, C, =4C =10, ¢, = 20,C; = 35,C4 = 56.
We are looking for a recurrent relation involving C,,. Firstly, let us denote by d,=Cp41 — Cp,
that is the difference of the number of cubes between consecutive levels. We observe that
dp=dp_1+ n + 1,foralln > 2.
Coming back to C,,, we find the recurrence
Cpy1— Cp= Cp— Cp_y+nt+l foralln > 2,
which is equivalent to
Cpi1=2C, — Cp_qy+ntl, foralln > 2,
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By giving successively values to n, we find that C3¢= 4960.

Solution 3
Below, we write the differences, the difference of differences and so on, for the consecutive
values of C,,.
1 4 10 20 35 56
3 6 10 15 21
3 456
111
We observe that after three iterations we arrive at a constant sequence. Therefore, the general
term of the sequence will be of the form: C,, = a n>+ b n* + cn + d. By writing the first four
terms of the sequence, we have:
Ci=1=a+b+c+d
C; =4 =8a+ 4b + 2c + d
C; =10 = 27a + 9b + 3c + d
C, = 20 = 64a + 16b + 4c + d.
By solving the system for a, b, ¢, d, we get:
a=l'b=l'c=l'd=0.
6’ 2’ 3’
And thus,
Co = =n(n + D + 2) = (*%). ()

Partb)

A number n > 3 of cubes, placed side by side covers perfectly a square. For what values of
n can we rearrange the cubes so that we can build a pyramid as the one in the image,
without remaining any unused cubes? For every found value of n, what height has the built

pyramid?

We found a rule for the number of cubes used to build a pyramid of height h. (2)

n cubes should be put in a square, so n should be a perfect square.

We observed that the formula that we made is the formula of the tetrahedral numbers. So n
should be a tetrahedral number.

But the only tetrahedral numbers that are making square numbers are 1,4 and 48.

If the height is 1, the n is 1 and / is 1, where / is the side of the square covered by that » cubes.
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If the height is 2, the n is 4 and / is 2.
If the height is 48, the n is 19600 and / is 140.

Part ¢)

Build a regular triangular pyramid by overlapping some spheres of diameter 1 (instead of

cubes). What is the height of such a pyramid formed with 1330 balls?

Using the rule that we found at part a), we discovered that the required pyramid has 19 layers.
Indeed, by solving in N the equation

%n(n + D(n + 2) = 1330,
We find that n = 19.

n(n+1)

As discussed before, the number of balls on the bottom layer is

Solving in N the equation
n(n+1)

= 190,

We obtain n = 19. Therefore, the base length of a pyramid having 190 balls is 19.

The height of the pyramid formed by stacking spheres is a function of » and d (the diameter of
each sphere). We need to find the height of the pyramid in terms of » and d.

Firstly, we consider the case of a tetrahedron made
from four balls: three balls on the bottom and one
ball at the top. The centres of these spheres form

a tetrahedron with an edge length of d and a height

ofd \E The total height of stack of spheres is

d+d\/2.
3
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We now add a third layer to the bottom of the
pyramid (add six balls) and obtain a total of
10 balls, We then consider the tetrahedron
formed by the centers of the spheres at the
corners of the pyramid. This tetrahedron has

an edge length of 2d and a height of Zd\E.
The total height of the stack is

d+2d\/g.
3

In general, the total height of a pyramid with n levels is

d ld2
+(Tl—) §

Forn = 19 and d = 1cm, we get that the height of a pyramid made of 1330 similar balls is

h = 15.7 cm.
Part d)

What is the volume of the minimal tetrahedron in which the pyramid found at point c) can be

inscribed? What fraction of the space does the ball pyramid occupies inside the tetrahedron?
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The base of the 2 level pyramid can be inscribed
in an equilateral triangle with a side length of

d+ dv3.

In general, the base of the n level pyramid can be
inscribed in an equilateral triangle with a side

length of
d(n—1) + dv3.

Forn = 19 and d = 1cm, we obtain that the side length of a regular pyramid is | = 18 + V3. The

volume of the minimal tetrahedron is

V2
— 3Y% ~ 3
V=1 7 = 905.42 cm
. . 4mR® nwd® =«
The volume of a single sphere is Vgypere = — T T and so, the volume of the

pyramid made of 1330 spheres is
V, = 665~ = 696.39 cm?,
representing a fraction of about 77% out of the volume of the tetrahedron.

[The text of the article]

Part a)

In the first part, we found a rule of how is the figure made.

In the first layer, seen from the top, we see a single cube.

In the second layer we see (1+2=3) cubes.

In the third layer we see (1+2+3=6) cubes

And so on...

So we find a rule of the number of the cubes that are in a layer.

This equation is (with & the number of the layer and » the number of cubes in that layer):
n=1+2+3+--+k

A+ k
n=T

So, using that equation, we found that the total number of cubes that are needed to make a tower

of height 30 is:
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1
nzz[(lz+22+32+---+302)+(1+2+3+---+30)]

30-31
2

n(n+1)(2n+1)
e

1
n=- (12 +2%24+3%24+--+30%) +

But, 12 + 22+ 3% 4 -4 n®* =

So, the final number of cubes for a pyramid of height 30 is:
1 [30-31-61 30-31
T3 6 2

1
= 5+ (9455 + 465)

n = 4960

Partb)

Let’s say C,, is the number of cubes in a pyramid of height ».
If n=1, then C,,=1

If n=2, then C,=4

If n=3, then C3=10

If n=4, then C,=20

If n=5, then C5=35

If n=6, then C¢=56

So, we found a rule for the number of cubes used to build a pyramid of height h.

_1[hth+D(2h+1) h(h+1)] hth+1)(h+2)
2 6 T - 6

But, n cubes should be put in a square, so n should be a perfect square.

We observed that this is the formula of the tetrahedral numbers. So »n should be a tetrahedral
number.

A tetrahedral number is a figurate number that represents a pyramid with a triangular base and
three sides.

But the only tetrahedral numbers that are making square numbers are 1,4 and 48.

If the height is 1, the n is 1 and / is 1, where [/ is the side of the square covered by that n cubes.

If the height is 2, the n is 4 and / is 2.
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If the height is 48, the n is 19600 and / is 140.

But n must be equal or bigger than 3, so n can take the values 4 or 48.

Part ¢)

Using the rule that we found at a):

1
1330=z[(12+22+32+---+n2)+(1+2+3+---+n)]

1inn+1)2Zn+1 nn+1
1330 - 1 ( >6< ), 20+ D

Where # is the height required.
2660 = n(n+1)(2n+1) n n(n+1)
6 2
nn+1)2n+1)+3n(n+1)
6
nn+1)2n+1+3) nn+1)(n+2)
6 3

nn+ 1)(n+2) =7980
So, by giving values we found that the height of the pyramid is 19.

2660 =

2660 =

The second possibility is the following one: (3)

Using the rule that we found at part a), we discovered that the required pyramid has 19 layers.
Indeed, by solving in N the equation

%n(n + 1(n + 2) = 1330,
We find that n = 19.
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nn+1)

As discussed before, the number of balls on the bottom layer is

Solving in N the equation
n(n+1)

=190,

We obtain n = 19. Therefore, the base length of a pyramid having 190 balls is 19.

The height of the pyramid formed by stacking spheres is a function of # and d (the diameter of
each sphere). We need to find the height of the pyramid in terms of # and d.

In general, the total height of a pyramid with n levels is

d 1d2

Forn = 19 and d = 1cm, we get that the height of a pyramid made of 1330 similar balls is

h = 15.7 cm.

Part d)

What is the volume of the minimal tetrahedron in which the pyramid found at point c) can
be inscribed? What fraction of the space does the ball pyramid occupies inside the

tetrahedron?
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In general, the base of the n level pyramid can be inscribed in an equilateral triangle with a side
length of

d(n—1) + dv3.

Forn = 19 and d = 1cm, we obtain that the side length of a regular pyramid is | = 18 + V3.
The volume of the minimal tetrahedron is

V2
V= ZBE =~ 905.42 cm?3

. . 4TR3 as .
The volume of a single sphere is Vgypere = HT = ”T = % , and so, the volume of the pyramid

made of 1330 spheres is
V, = 665~ = 696.39 cm?,

representing a fraction of about 77% out of the volume of the tetrahedron.

Conclusions

In conclusion, we proved in the part a) that there were needed 4960 cubes to make a pyramid

of height 30.

We also proved in part b) that if we make a pyramid of height 4 or 48, we can rearrange the cubes so
they can make a square.

In ¢) we proved that we need 19 levels to have 1330 spheres in a pyramid, then we calculated the
height of a pyramid as the one above: for n = 19 and d = 1cm, we get that the height of a pyramid

made of 1330 similar balls is

h = 15.7 cm.
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At the end, we proved that for n = 19 and d = 1cm, we obtain that the side length of a regular
pyramid is [ = 18 + V3. The volume of the minimal tetrahedron is

V2
V= Z3E = 905.42 Cm3
. . 4mR3® md® @
The volume of a single sphere is Vippere = — T = and so, the volume of the

pyramid made of 1330 spheres is

V, = 665~ = 696.39 cm?,

representing a fraction of about 77% out of the volume of the tetrahedron.
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Notes of edition:

(1) This, by definition or property of it, corresponds to the number of ways of picking 3 unordered
outcomes from n+2 possibilities. The interested reader could search how this relates to the pyramid
construction and if so, that would be really interesting and would make the result stronger.

(2) & is the k of the part 1.

(3) The committee of edition regrets the absence of justification that the two modelling are equivalents.
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