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This article is written by students. It may include omissions or imperfections, reported as far as possible by 
our reviewers in the editing notes.
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THE SUBJECT:
You live in a street with houses only on one side. They are numbered starting from 1, 2, 3, … (no odd or 
even side, there’s only one side). You notice that the numbers of the houses on your right add up to the 
same result as the numbers of the houses on your left.

What’s your address?

EXAMPLES:
If I live on a street with 8 houses, numbered from 1 to 8, my address will be number 6, because 

1 + 2 + 3 + 4 + 5 = 7 + 8
If I live on a street with 49 houses, numbered from 1 to 49, my address will be number 35.

If I live on a street with 288 houses, numbered from 1 to 288, my address will be number 204.

THE  SOLUTIONS FOUND: 
To solve this problem, we used two methods:

Method 1: the Gauss summation

Let’s call:

 the number of houses: 𝑛,  (𝑛 ∈ ℕ∗)
 the number of the house we are looking for:  𝑥,  𝑥 ∈ ℕ∗

The string of numbers will look as follows: 

1,  2, 3, 4, … , 𝑥 ― 1, 𝑥,𝑥 + 1, … , 𝑛 ― 2, 𝑛 ― 1, 𝑛

Our aim is to find out the value of the 𝑥 which satisfies this condition:
 

   1 + 2 + 3 +  … + (𝑥 ― 1) =  (𝑥 + 1) + (𝑥 + 2) + (𝑥 + 3) +  … + (𝑛 ― 2) + (𝑛 ― 1) + 𝑛

It can be noted that the members of this equality are sums of consecutive numbers. As a result, for each of 
them, we can apply the Gauss summation:

1) 𝑆1 =  1 +  2  +  3 +  … +  (𝑥 ― 3) +  (𝑥 ― 2) +  (𝑥 ― 1)
𝑆1 =  (𝑥 ― 1) +  (𝑥 ― 2) +  (𝑥 ― 3) +  … + 3 +  2  +  1

                                                    𝑆2                   𝑆1
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After adding these two sums, we obtain the following relation:
2 ∙ 𝑆1 = (1 + 𝑥 ― 1) + (2 + 𝑥 ― 2) + (3 + 𝑥 ― 3) + … + (𝑥 ― 3 + 3) + (𝑥 ― 2 + 2) + (𝑥 ― 1 + 1) 
2 ∙ S1 =  𝑥 + 𝑥 + 𝑥 +  … + 𝑥 

                                         (𝑥 ― 1) times

 2 ∙ 𝑆1 =  𝑥(𝑥 ― 1) ⇒ 𝑆1 =  𝑥(𝑥 ― 1)
2

2) 𝑆2 =  (𝑥 + 1) +  (𝑥 + 2) +  (𝑥 + 3) +  … +  (𝑛 ― 2) +  (𝑛 ― 1) +  𝑛
𝑆2 =     𝑛 +  (𝑛 ― 1)  +  (𝑛 ― 2) +  … +  (𝑥 + 3) +  (𝑥 + 2) +  (𝑥 + 1)

After adding these two sums, we obtain the following relation:
2 ∙ 𝑆2 =  [(𝑥 + 1) + 𝑛)] + [(𝑥 + 2) + (𝑛 ― 1)] + [(𝑥 + 3) + (𝑛 ― 2)] +  … +

+[(𝑛 ― 2) + (𝑥 + 3)] + [(𝑛 ― 1) + (𝑥 + 2)] + [𝑛 + (𝑥 + 1)] 
2 ∙ 𝑆2 =  (𝑥 + 𝑛 + 1) + (𝑥 + 𝑛 + 1) +  … + (𝑥 + 𝑛 + 1) 

                                                                   (𝑛 ― 𝑥) times

2 ∙ 𝑆2 =  (𝑥 + 𝑛 + 1)(𝑛 ― 𝑥) ⇒ 𝑆2 =  (𝑥 + 𝑛 + 1)(𝑛 ― 𝑥)
2  

After the sums are equaled, we will get the following relations:
𝑥(𝑥 ― 1)

2 = (𝑥 + 𝑛 + 1)(𝑛 ― 𝑥)
2  

2 ∙ 𝑥(𝑥 ― 1) = 2 ∙ (𝑥 + 𝑛 + 1)(𝑛 ― 𝑥)
𝑥2 ― 𝑥 = 𝑛 ∙ 𝑥 ― 𝑥2 + 𝑛2 ― 𝑛 ∙ 𝑥 + 𝑛 ― 𝑥
𝑥2 ― 𝑥 = ― 𝑥2 + 𝑛2 + 𝑛 ― 𝑥 
2 ∙ 𝑥2 = 𝑛2 + 𝑛

𝑥2 = 𝑛2 + 𝑛
2

 

𝑥 =± 𝑛2 + 𝑛
2

 

But 𝑥 ∈ ℕ∗, so

 𝑥 = 𝑛2 + 𝑛
2

,  (𝑥 ∈ ℕ∗,  𝑛 ∈ ℕ∗)

From here we can conclude that:

! 𝒙 is a natural number if and only if  𝒏
𝟐 + 𝒏

𝟐
  is a perfect square.

DEFINITION: A perfect square is a number that can be expressed as the product of two equal integers (1).

The number of my house, which is a natural number, exists if and only if  𝑛
2 + 𝑛

2
  is a perfect square, where 𝑛 

is the total number of houses on my street.

Now it only remains to give 𝑛 natural values, which must satisfy the conditions.

Let’s take an example: let the number of houses be 8, so that using the algorithm below, we could 
calculate the address of the searched house. 

The string of numbers will look as follows:

1, 2, 3, 4, 5, 6, 7, 8
Let the number of the house we are looking for be 𝑥, 𝑥 ∈ ℕ∗. 

Let the number of houses 𝑛 be 8. 
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Our 𝑥 must satisfy the following condition:

1 + 2 + 3 + … + (𝑥 ― 1) = (𝑥 + 1) + (𝑥 + 2) + (𝑥 + 3) +… + 7 + 8 

            

and it follows: 𝑥 =  𝑛2 + 𝑛
2

,  𝑥 ∈ ℕ∗ ⇒ 𝑥 = 82 + 8
2

= 6

Now we will replace the number 𝑛 in the equation with 8.  After calculating, 𝑥 will be 6. This means the 
address of the searched house is 6.

Let’s take another example, which is not valid: 𝑛 = 10

 𝑥 =  102 + 10
2

⇒ 𝑥 = 55

 But  𝑥 ∈ ℕ∗

It is very difficult to find all the numbers n for which 𝑛2 + 𝑛
2

  is a perfect square.  Computer science helps us 

a lot in this case.

Method 2: PROGRAMMING

To make the values easier to find, we wrote some coding lines in C++ (programming language).

The program considers 𝑛 streets, one by one (the street number 𝑖 has i houses, numbered from 1 to 𝑖). 
Thanks to the fact that we go through them in ascending order (the street number 𝑖 has 𝑖 houses and the 
street number 𝑖 + 1, 𝑖 + 1 houses), we are allowed to use the information regarding the previous street in 
order to find answers for the current one. 

In other words, when we are on the street number 𝑖, we store in the variable ‘mijloc’, which means 
‘middle’, the position of the house that satisfies the condition imposed by the problem, but for the previous 
street, 𝑖 ― 1 (2).

The next step is to add the house number 𝑖 to the sum of the houses on the right side, then check if it is 
equal to the sum on the left side. In this case, we maintain the same position, as we have found the 
solution for the street number 𝑖.
If the sum on the left is smaller than the one on the right, we add the house number ‘mijloc’ to the sum 
on the left and deduct it from the sum on the right. ‘mijloc’ increases by 1, moving to the right, in the 
hope that the sums will eventually be equal.

Otherwise, if the sum on the right is smaller than the one on the left, we leave ‘mijloc’ on the current 
position and try to increase the sum on the right as much as possible, in order to make it equal to the one 
on the left. Thus, we add the house number 𝑖 to the sum on the right, obtained in the case of the previous 
street, 𝑖 ― 1.

                  S1                                  S2

Figure 1: Illustration of the example above

⇒ 𝑥 ∈ ∅
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#include <iostream>

using namespace std;

int main()

{

long long n;

cin >> n;

long long dr = 1;

    long long sumSt = 0;

    long long sumDr = 0;

    long long mijloc = 1;

while (dr <= n)

{

if (sumSt == sumDr)

{

cout << "The number of the 
house is " << mijloc << " for " << 
dr << " houses." << '\n';

dr++;

sumDr += dr;

}

else if (sumSt < sumDr)

{

sumSt += mijloc;

mijloc++;

sumDr -= mijloc;

}

else

{

dr++;

sumDr += dr;

}

}

return 0;

}

The program will display on the screen the address found and the total number of houses on the street:

CONCLUSIONS
It can be noted that the number of houses on the street could be 1, 8, 49 or 288 in order to satisfy the 

condition mentioned above.  The number of houses on a street is unlikely to be 1681 or 9800.
           Mathematically speaking, there is an infinite number of possible addresses, depending on the 
number of houses on the street (3), but as a practical matter, there are only 4 possibilities: I can live at 
number 1, 6, 35 or 204.
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EDITING NOTES

(1) Also, a number of the form 𝑛(𝑛 + 1)/2 is called a triangular number, since it counts objects arranged in 
a triangle: dispose 𝑛 dots on a row, 𝑛 ― 1 on the row above, 𝑛 ― 2…, and so on up to 1 dot on the 𝑛-th row, 
you get a triangle of dots and their total number is 1 + 2 + … + 𝑛. Thus, the problem here is equivalent to 
looking for numbers that are both perfect squares and triangular numbers.

(2) More precisely, when 𝑖 (‘dr’ in the program) takes a new value, ‘mijloc’ is the position that satisfies 
the condition of the problem only if there exists such a position but in general it is the first position such 
that we have 𝑆1 ≥ 𝑆2 in the (𝑖 ― 1)-th street. Then, comparing streets 𝑖 ― 1 and 𝑖 the values of 𝑆1 are 
unchanged and that of 𝑆2 are increased by 𝑖 for all houses, so we are sure that 𝑆1 < 𝑆2 for all positions 
preceding ‘mijloc’ and we can start testing at this position.

(3) This claim is not proven but it suggests that more could be done in this problem. A hint to go further: 
𝑛 = 8 is twice a square and 𝑛 + 1 = 9 is a square; 𝑛 = 49 is a square and 𝑛 + 1 = 50 is twice a square; 
𝑛 = 288 = 2 × 122 is twice a square and 𝑛 + 1 = 289 = 172 is a square, … When 𝑛 is twice a square and 
𝑛 + 1 is a square or vice versa, then 𝑛(𝑛 + 1)/2 is a square (e.g. 𝑛 = 𝑎2, 𝑛 + 1 = 2𝑏2, 𝑛(𝑛 + 1)

2 = 𝑎2𝑏2), so 
we have a solution. Is that the only possibility? Can we find infinitely many such integers 𝑛? …


