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1 PRESENTATION OF THE RESEARCH TOPIC

Problems that require determining the optimal trajectory between two points under certain
restrictions often occur in practice. In Section 2 of this paper, we try to find the position of a
point P such that the path that joins two given points, passing through P, is traveled in
minimum time. The speeds with which the road is traveled until the arrival in P and after
leaving P are different. In Section 3 we consider the speed constant along the trajectory, but we
impose more restrictions on the trajectory.

2  FASTEST PATH PROBLEMS

Problem 1. A tourist is camping on a shore of a straight
river. At a given moment, he finds himself at position
A (Figure 1), when he sees that the roof of his
camping house (situated at position B, on the same
side of the river), is on fire. He quickly grabs an empty

o>

o0

_ll}r;‘#-n W

bucket and wishes to put down the fire with water
taken from the river. He runs twice as fast with an

empty bucket as with a full one. Where should he get
the water along the river to minimize the total travel
time to the house? Figure 1
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Solution. Let us denote by s the line where the shore touches the river and by P the point on
the shore of the river where the tourist fills the bucket. Taking into account that the man runs
twice as fast with an empty bucket as with a full one, let 2v be the speed of the tourist with an
empty bucket and v his speed with a full bucket. The time in which the man covers the distance

AP + PB will be therefore

_AP +E=i(AP+2PB).

t=——
2V v 2V

Since V is a constant, it results that t will be minimal if and only if the distance AP +2PB is
minimal.

A
L
a
B
b
s G
A1: X d-x :B1
I d I
Figure 2

Let A and B, be the projections of AandB, respectively, onto the line s of the shore; we
expect that Pe[AB,]. We denote AA =a>0, BB,=b>0, AB =d>0.IfAP=xe[0,d],
then PB, = AB, — AP =d —x. By the Pythagorean Theorem,

AP =+a?+x?, PB=.b?+(d-x)",
so, the problem reduces to finding the minimum of the function f:[0,d] - R,

f(x)=+va®+x? +21/b2 +(d —x)z.

Being obtained by compositions and operations with elementary functions, the function f is

differentiable and its derivative is
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24 x2) +2. L (07 +(d=x)?)
(a )22m(b (d=x)")
2X . 2(d—X) _ X B 2(d—X)

2 +(d-x)° Va'+x* b7+ (d—x)

f'(x)=
() 2\a? +x?

2y/a% + x?

forall xe[0,d]. Atits turn, f'is also differentiable and its derivative is

2 2 —(d—X)
Jazix? —x. 2t —2,b*+(d -x) —2(d—x)-—2
f(x) = vai+x® \/7 b®+(d —x)
a+x b? +(d —x)’
=a2+x2—x2_—2[b2+(d—X)2}+2(d—x)2
(\/m) ( b2+(d—x)2)
a’ 2b?

(Jm)”( b2+(d—x)2)3

for all xe[0,d]. It is obvious that f"(x)>0 forall xe[0,d], which implies that f" is a strictly
2d

increasing function on [0,d]. Since f' is a continuous function and f '(0):—\/7<0,
b? +d?
while f '(d)= d >0, it results that there exists a unique point X, e(O,d) such that

Ja?+d?
f'(x,)=0.
Moreover, since f' is strictly increasing and f'(X,)=0, it follows that f'<0 on [O, Xo )

(hence, f is strictly decreasing on [O, XO)) and f'>0 on (xo,d] (hence f is strictly increasing

on (Xo,d]). Consequently, f attains its minimal value inX, (and only in X, ).
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The point X, is the unique solution of the equation f (X) =0, whichis

X Z(d—x) X 2(d—X) X2 4(d—x)2
2 2 2:O<::> 2 2: 2<:> 2 272 2
val+x* b2 +(d-x) Jat+x*  \Jot+(d-x) @ +X bT+(d-x)

o xz[b2+(d —x)z}:4(d —x)z(a2+x2)<:>b2x2+x2(d —x)2 =4(d —x)2 a’+4(d —x)2 NG

2 2 2 2
< b’x* —4(d —x)2 a’=3(d —x)2 x? <:>b—2—4i2=3<:>(ij —(@j =3.
(d—x)" X d-—x X

Particular cases

(i) Since3=2%—1?, we could have b:2(d —X) and X =2a, which implies b=2d —4a. In other
words, whenever d >2a and (AAl,BBl,AlBl)z(a,Zd—4a,d), the minimum point lays at
distance X =2a from A.

Examples of such triplets:

(a,a,2.5a);(a,2a,3a),(a,4a,4a),(a,6a,5a),(a,8a 6a),(a,10a,7a),(a,12a,8a),..., in general
(a,2(k—2)a,ka), with k>2 (a>0).

2 2
(i) Since3?-3=14?-13?, which is equivalent to (%J —(%) =3, we could have

14 13 6
b=—(d—X) and 2a=—X<:>X=—a, which implies b=14 d_2 . In other words,
3 3 13 3 13
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whenever d>% and (AAi,BBl,AiBl):(a,M[%—i—gj,dj, the minimum point lays at

distance X=% from A.Examples: (13s,14s,9s),(13s,28s,12s), with s> 0 imply X =65 .

2 2
(iii) Since 4°-3=7%-1%, which is equivalent to (%j —(%j =3, we could have b :E(d —X)

X 7
and 2a:Z<:>x=8a, which implies b:Z(d—Sa). In other words, whenever d >8a and

(AAl,BBl,AiBl)=(a,£(d —8a),dj, the minimum point lays at distance x=8a from A.

Examples of such triplets are: (a,7a,12a),(a,14a,16a), with a>0.

N 2 2wz e . 13)* (11
(iv) Since 4°-3=13"-11°, which is equivalent to 2\ =3, we could have
13 11
b:—(d—x) and 2a=—x<:>x=8—a, which implies b:E d—8—a . In other words,
4 4 11 4 11

13( 8a
11

8a
whenever d>ﬁ and (AAI,BBl,AiBl):(a,Z d——),d}, the minimum point lays at

distance X=i—i from A . Examples: (115,138,128),(118,265,163), with >0 imply Xx=8s.

The first computer program reads the lengths a, b, d of segments AA,BB;,AB, and the
step pas and makes the point P move on the segment [AlBl]from A to B, with step pas,

computing the distance dist=AP+2PB and determining (approximately) the position of
point P for which this distance is minimal. [1]
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main.cpp >

using namespace std;
double a,b,d, x,pas, minim, xmin, dist;

2

3

4

5 int main ()
€ [

7

8

16 while (x<=d)

17 =

18 dist=sgrt (a*atx*x)+2*sgrt(b*b+(d-x)* (d-x));
19 if (minim>dist)

20 . {

21 minim=dist;

22 Hmin=xx;
23 L }

24 cout<<"Alp=
25 ®=x+pas;

26 | }

27 cout<<endl<<"AlP min

<<"  dist="<<dist<<endl;

‘¥min<<"; minimal distance="<<minim<<endl;

28 return

29 ] ALP_min=2; minimal dis

The second program makes the lengths a, b, d of segments AA,BB,, AB, vary from zero

(exclusive) to a maximum value (maxa, maxb, maxd, respectively)with step pa, pb, pd,
respectively, where pa, pb, pd, maxa, maxb, maxd and the step pas for the point P

on the segment [AiBl] are entered by the user. It computes the minimum of dist = AP +2PB,

displaying it along with the position of P on [AB,].

This allows us to identify particular cases of a,b, d for which the distance x=AP has a

simpler form.
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main.cpp X

W - N bk W

I R e R R S R A
I P T A T S O

#include <bits/stdc++.h>
nsing namespace std;
double a,kb,d,x,pas, minim, xmin,dist;
double pa,pb,pd, maxa,maxb, maxd;
long long i:
int main()
H
cont<<"The step on AR1=";
cin>>pa;
cont<<"The step on BB1=";
oin>>ph;
cont<<"The step on AlBl=";
cin>>pd;
cont<<"Maximum value for a=";
cin>>maxa;
cont<<"Maximum wvalue for b=";
cinx>maxb;
cont<<"Maximum value for d=";
cinx>maxd;
cont<<"The step on d4d=";

cin>>pas;

|C,-‘C++ Windows (CR+LF) WINDOWS-1252

Line 30, Col 14, Pos 632

Insert

Read/Write

defz

main.cpp X

22
23
24
25
26
27
28
zg
30
31
3z
33
34
35
36
3T
38
39
40
41
42
43
44
45
46
)
48

i=0;a=pa:;

while [a<=maxa)

= {

b=pk;

while (b<=maxb)

=] {

d=pd.:

while [d<=maxd)
=] {

¥=0; minim=1.737
while (x<=d)

=] i

if (minim-dist)

=l {

E=x+pas;

it

I cont<<icg™) a="<<a<<";

= d=d+pd; }
- b=b+pb:}
~ a=a+pa;!

return O;

minim=dist;xmin=x;

dist=sgrt (a¥*a+x*x)+2*sgrt (b*b+ (d-x) * (d-x) ) !

b="<<b<<";

minimal gist ="<<minim<<";

B1P="<<xmin<<endl;
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Remark. We can use a similar argument to try to locate the point P if the speed of the tourist
with an empty bucket is k times his speed with a full bucket, where k >0 is a constant. This
time we have to minimize AP+KkPB. With the notations in Figure 2, the problem reduces to
finding the minimum of the function f : [0,d] — R

f(x)=va>+x +k«/b2 +(d —x)z,

which is differentiable and has the derivative

X k(d—x)

f'(X :\/a2+X2_\/b2+(d_x)2’

for all xe[0,d]. Also using the second derivative, we get that f ' is strictly increasing on [0,d]
kd  d
Jb? +d? \a? +d?
there exists a unique point X, €(0,d) such that f'(X,)=0. Proceeding as above, we conclude

and since it is obviously continuous, while f (0) f'(d)=- <0, we infer that

that f attains its minimal value in X, (and only in X, ).
The point X, verifies the equation f '(x) =0, which is
X k(d-x)

Jaiix Jb?+(d-x)’

:0<:>x2[b2+(d—x)ZJzkz(d—x)z(a%xz)

b \ (ka)
b2x2 —k2(d —x)’ a? = (k2 —=1)(d — x)* x (—] —(—] —k2-1.
< b°x ( x)a ( )( x)xc:>d_X .

o>

Problem 2. The same question as in Problem 1, but this
time the house is situated at pointC, on the other side of
the river. Suppose that the swimming speed equals the

running speed with a full bucket and the river water is
calm.

Figure 3
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Solution. Let P, be the point of the shore s where the tourist jumps into the river and begins

to swim. If his swimming speed equals his running speed with a full bucket and the river water is
calm, then the man saves the most time if the trajectory F,C is a straight line. Let the width of

the river be w>0. Let C,,C, be the projections of Conto the lines s' and s of the shores of
the river (thus C,C, =w); we expect that P, €[AC,]. We denote AA =a>0, CC,=c>0,
AC,=d,>0.1f AP, =xe[0,d,], then BC, = AC, - AP, =d, — X. By the Pythagorean Theorem,

AP =+a’ +x?, PlC:\/(W+c)2+(dl—x)2,

Ai
d
S A1 X d,-X C1
: P1\
d w
s' 1 \
C2
C
» C
Figure 4

so, the problem reduces to finding the minimum of the function g:[0,d;] = R,

g(x)=+a*+x? +2\/(W+C)2 +(d, —x)".

This problem is similar with Problem 1, the segment [BBl] being replaced by [CCl].

Therefore, the solution of Problem 2 can be obtained from that of Problem 1 by replacing the
distance b from point B to the river with the sum w+c (the width of the river summed with
the distance from point C to the river).
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3 SHORTEST PATH PROBLEMS

Starting from the research topic formulated at the beginning of the article, we set out to study
some similar problems. The difference between Problems 1 and 2 above and the problems
below is that we assume that the tourist maintains the same speed. Therefore, he will travel the
road in minimum time if and only if he chooses the shortest path. This makes Problem 3 below
simpler than Problem 1. Also, this hypothesis allows us to use a completely different approach,
namely a geometrical one.

Problem 4 is slightly more complicated than Problem 3, because we need to find a minimal
trajectory that touches two intersecting lines. Finally, in Problem 5 we find the position of
bridges crossing one or more channels which ensures a minimal path.

Problem 3. If the speed of the tourist with an empty bucket or with a full bucket is the same,
where should he get the water along the river to minimize the total travel time to the house?

Solution. Let us suppose that the tourist has the same speed vV with an empty or a full bucket. If
sis the line where the shore touches the river and P is a point on the shore of the river, then
the time in which the man covers the distance AP +PB will be

=£+§:E(AP+PB).
vV VvV v

t

Since V is a constant, it results that t will be minimal if and only if the distance AP +PB is
minimal.

B’

Figure 5
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Let B, and B' be the projection of Bonto s and the symmetrical of B with respect to the
lines, respectively (see Figure 5). Let SN[AB']={M}. Since s is the mediator of the segment

[BB'], both triangles MBB' and PBB' are isosceles triangles, therefore MB=MB' and

PB=PB'. It results that AM +MB =AM + MB'= AB' and AP+PB=AP+PB". But for all
P = M the triangular inequality in the triangle APB' implies that AP+PB'> AB'=AM + MB.
In conclusion, the point on the shore where the tourist should fill his bucket is M .

Problem 4. Let A and B be two points located on
an island at the confluence of two rivers (see
Figure 6). John participates to the following
photography contest: he has to go from A to the
bank of the first river and take a picture, then on
the bank of the second river and take another
picture and finish his route in B. Where should he
reach the banks of the two rivers in order to cover
a minimal distance?

Figure 6

Solution. Let A and A' be the projection of Aonto Ox and the symmetrical of A with respect
to the line Ox, respectively Let B, and B' be the projection of B onto Oy and the symmetrical
of Bwith respect to the lineOy, respectively (see Figure 7). Let [A'B]nOx={M}and
[A'B']mOy:{N}. Let Pe[OX and Qe[Oysuch thatP =M orQ = N. Since [OX is the
mediator of the segment [AA], both triangles MAA' and PAA' are isosceles triangles,
therefore MA=MA' and PA=PA". Similarly, since [Oy is the mediator of the segment [BB'],

both triangles NBB' and QBB' are isosceles triangles, therefore NB=NB' and QB=0B". It
results that AM+MN+NB=A'M+MN+NB'=A'B' and AP+PQ+QB=A'P+PQ+QB".
Since the shortest path between two points is a straight line, we have A'P+PQ+QB'> A'B’,
which is equivalent to AP + PQ+QM > AM + MN + NB. Therefore, the points on the shores of

the two rivers where John should take the pictures are M and N , the intersections of [A'B']

with the shores of the rivers.
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Figure 7

Problem 5. Let A and B be two points on opposite sides of a river (suppose that the river has
the same width everywhere). Where should a bridge be built such that the distance from A to
B is minimal? Generalization for two points A and B separated by n>1 parallel channels.

Figure 8

Solution. Let w be the width of the river and denote by s and s' the shores of the river.
Because the river has the same width everywhere, s || s’. Let BB'Ls, BB'=w (see Figure 9).

Let [AB']ns={M} and MN _Ls, Nes' (obviously, MN =w). Since BB’ || MN (they are

both orthogonal to s) and BB'=MN (: W), BB'MN is a parallelogram (possibly degenerate, if

AB 1 s, which implies A,B,B"' collinear and thus B,B',M,N collinear). Hence MB'=NB.
Consequently,
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AB'=AM + MB'= AM + NB. (1)

A
S
\\ ~
~ N
w e VAN
Sl Q \\ \\
N NN
~ N
S N
\\\ '
S
B
Figure 9

Now, for any point Pes, P=M, if PQLs, Qes', thenPQ=w=BB". Also, PQ || BB’
because they are both orthogonal to s. Therefore, PQBB' is a parallelogram (possibly
degenerate, if PB_Ls, which yields P,Q,B,B"collinear). Consequently, QB=PB'. We see
that

AP + QB = AP + PB' > AB' = AM + NB (D
By adding PQ = MN (= w) to this inequality, we get AP+ PQ+QB > AM + MN + NB, which
proves that the bridge which would ensure the minimal distance between A and B is MN .
First generalization. Let A and B be separated by two parallel channels of widths w; and w,

(Figure 10). Denote by s, and s, ' the shores of channel i, for i €l,? . Suppose that each of the

channels has the same width everywhere, hence s; Il s; Il s Il 55.
Let BB,'Ls, BB '=w +w,.
Let [AB,'|ns,={M,} and M\N, Ls,, N, es,' (obviously, M;N, =w;). Now N, and B are

separated by only one channel, of width w, . According to the first part of this proof, in order to

cover the minimum distance between N, and B we have to build the second bridge the
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following way: letBB,'Ls,,BB,'=w, (henceB-B,'-B;' and B,'B,'=BB,'-BB,'=w,); let
[N,B,']ns, ={M,} and M,N, Ls,, N, es," (thus, M,N, =w,).

A
S4 M1 P,
7 N /
54' 1 N W']
N1‘ ! \9']
P2’i- \\
I >~ ~
32 W1| N \\\ B 1
SR
w AY
s, 2 2 \;D 1'
= |I_12
Q2 N2 EW2
B
Figure 10

We claim that AM, + M;N, + N;M, + M,N, + N,B is the minimal distance between A and B

in the conditions of the problem. Indeed, from the first part of the proof we also know that
N,B,"'=N,M, +N,B. 2

On the other hand, since B,'B,'=M,N,(=w,) and B;'B,’ Il M;N; (they are both
orthogonal to the shorelines), we get that B, 'B,"'N,M, is a parallelogram (possibly degenerate,

if AB is orthogonal to the shore Ilines, which implies that all the points
A B,B,'M,,N,,B,"M,,N, are collinear). Consequently, M,B,"=N,B,". Therefore, relation (2)

can be rewritten
M,B,'=N,M, +N,B. 3

Let now PQ, Ls, with Pes, Q es,' (so PQ =w,) and PQ, Ls,, with P,€s,,Q,€s,’
(which implies P,Q, =W, ). We want to prove that if P, # M, or P, #M,, then

AP +PQ +QP +PQ,+Q,B>AM, + M N, + N\M, + M,N, + N,B.
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Indeed, let P,'eQ,P, such that Q,—-P,—-P,"' and P,P,'=w, =RQ,. Since the lines P,P, 'and
PQ, are also parallel (they are both orthogonal to the shore lines), the quadrilateral P,P,"RQ;is
a parallelogram (possibly degenerate, if PP, is orthogonal to the shore lines). Hence,
Q,P, =PFP,' . On the other hand, P,'Q, =F,'P,+P,Q, =w, + W, = BB, ". Since the lines P,'Q,
and BB,' are also parallel (they are both orthogonal to the shore lines), the quadrilateral
P,'Q,BB, 'is a parallelogram (possibly degenerate, if BP, is orthogonal to the shore lines, which
implies P,,Q,,P,", B, B, 'collinear). Therefore, Q,B=P,"'B,". Thus,

AP +QP,+Q,B=AP +PP,'+P,'B,'> AB,",
because the shortest path between A and B,' is the straight line. By consequence,
AP +PQ, +QP,+PQ, +Q,B=AR +w, +QP,+w, +Q,B>w, +w, + AB,'=
®)
=w,+w,+AM, +M B, '=w, +w, + AM, + N\M, + N,B =
=AM, +M N, + N\M, + M,N, + N, B,
that completes the proof.

Summarizing, if A and B are separated by two channels, then for a minimal distance we
must build the bridges the following way: we take BB;'ls, BB '=w+w,, then
[AB,']ns,={M,} andM,N, Ls;, N, es,’; in the second step we take B,'e(BB,') such that
BB, =W, ,then [N,B,']|ns,={M,} and finallyM,N, Ls,, N, €s,".

Second generalization. Let A and B be separated by n parallel channels of widths
W,,W,,...,W,, respectively. Denote by s, and s,' the shores of channel i, for ieln . Suppose

that each of the channels has the same width everywhere, hence s; Il s{ I s, I s5 Il === Il s, |l
S;,. We want to determine the position of n bridges over the nchannels in order to get the
shortest road from A to B by crossing these bridges.

It can be proved by mathematical induction that the bridges must be built the following way:

- in the first step we takeBB,'Ls, BB,'=> w, then [AB ]ns ={M,} andM,N, Ls,
i=1

N, es,’;
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- in the second step we take B,'e(BB,") such thatBB, =Y w, ,then [N,B,']ns, ={M,} and

i=2

M,N, Ls,, N, es,’;

- generally, in step ke2n we take Bk'e(BBl') such that BBk':Z:Wi ,then
i=k
[NLB ]ns ={M,} andM;N, Ls,, N, 5s,".

The proof uses the same ideas as the first generalization (case n=2). Basically, if we
compare the path AM,N,M,N,...M_N, B with any other path APQ,P,Q,...P.Q,B, they have in
common the lengths of the bridges (M,N. = PQ, =w,, for i e1,n). What distinguishes these two

paths is that, using convenient parallelograms, the remaining segments of the first path can be
moved, side by side, to cover the segment AB,', while the remaining segments of the second

path will move on a broken line uniting the points A and B,' (in Figure 11 we represented the

case n=4, for a better understanding). Therefore, the first path is the shortest.
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/ ° 1 By W By [wy, §3 wW3Bs W, B
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P.,=P. |’ \ _-=" _ _ - - =
! ! Q1 "—’\’\’ ”"’/// _,”’ M4 W4 N4
I S St acy M, "3 [N;
--= M2 W2\\ N2
M1 W‘l N1 \\ /: ______ T
A P4 Py Q4
S4 51' S, S, Sy Sy Sy Sy
Figure 11
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4 CONCLUSION

We have used Calculus to answer the questions in the research proposal. Also, we have written a
C++ code to approximate the solutions of the equations obtained and to observe simpler
particular cases. We expect that if the speed with which the road is traveled varies in a more
complicated way, the derivation of the equations will not be easy at all.

In the sequel we considered three related problems. By considering the speed of the traveler
constant, we were able to use a geometrical approach to solve them.

EDITION NOTES

[1] We have all the information that we need about the function f'(x). Then, it would
have been simpler to write a program that approximates the solution of f'(x) = 0. For
instance, we can develop a program that determines a sequence [ag, by] 2 [a4, b1] 2
[ay, by] D -++ of intervals such that f'(a;) < 0 and f'(b;) > 0, and terminates when
b; —a; is less than a given value. A program of this kind is also likely to be
computationally more efficient than that considered in the work.
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