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1 Introducing the research topic

Our task was to find a method for calculating the volume of a tree and its density.

2 Volume of the tree

Entry dates : L (Lenght) R (Diameter of big base) r (Diameter of small base). [1]
If we assume that the volume of the trunk is approximately like a cone trunk, then we can
use the following formula :
(R2 R-r r?
V=rm-—|—+—+—
4 4 4

2.1 Calculating Rand r

In order to calculate R and r we must use a compass.

MATh.en.JEANS 2020-2021 Colegiul National "Emil Racovitda" Cluj-Napoca
Page 1



Figure 1

Since AOM A is aright triangle, then tan(£MAO) = ﬁ. From here we obtain :

R=2MA-tan(£MAO). [2] For r we use the same reasoning.
2.2 Volume of the entire tree

For this task we used fractals to calculate the entire tree volume. Let be the following
fractal :

Figure 2 - Fractal

We construct the fractal by forming from each branch two "smaller” branches forming
an "Y”. We say that a transformation is the process that forms from each branch two new
branches. We say that a branch is n-th order if it was formed after exactly n transformations.
Let g be the ratio of two consecutive branches [3]. Two branches are consecutive if one is
"formed” from another one. Now let be (L), a series representing the length and (R),, (1),
the base diameter, respectively the diameter for the small base of an n order branch. Now we
can define the following recurrences :

L,
L= vn>1;Ly=L
q
_Rn_l . —
R, = p Vn=1:;Ry=R
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'n-1

'n= Vn=1;ro=r

Now it’s easy to see that :
L

r
Ln:—n,anﬁandrn:—nVHEO
Now let’s count the number of branches that appear at each new transformation. By let-
ting (a), be a sequence of natural numbers, we can set ay = 1 because we have initially one
branch(the tree trunk), and we can see that a,, = 2a,,_; because the number of branches that
are formed doubles each time. So we can say that a, =2" Vn =0
For calculating the volume of the entire tree, we have to calculate the volume for the total
number of n-th order branches. If we set the following sequence (V),; Vo = V where V is the

volume only of the tree trunk.

Ly (Ri*> Ry-rn  1°
We canseethat:Vn:Vn_1+nan-?"(T" ”4 "+%) V=1 (1)
Now if we let i take values from 1 up to n, and for each i we put it in (1), and after we sum
everything up we get :
L;

ﬂdi'g(

Vn=1

n 2 2
Vn=Vor 2. T

=1

n
/1
V, = V+E Z [a,--Li (R,-2+R,--ri+r,~2)] Vn=1
i=1
If we substitute for each sequence the formulas that we deduces earlier we have :

o [ L((RV? (RY(r) (r)
Vn:V+—Z 2’—l — +_l_l+_l Vn=1
12 /37 q' \\q q') \q q
1
If we factor out a — we get:
ql
7o 2
Vo=V+— Y = LR*+R-r+r)V¥n=1
12i:1 q31
b/ Lo
Since V = o L(R®+R-r+r?) wecansee that V, =V ) — Vn=1Letbe U the volume
i=0 4

for the entire tree. We can say that in order to get a closer approximation for U we should let

n go to infinity, and (V};) must be convergent. So: U = nlim Vi
—00
Proposition 1
n
; 1
Let r be a real number such that|r |< 1, then lim ) r'=—
n—oo i=0 1-r

2
Now if we apply this for r = $, | r |<1we have that U = nlim V, =
— 00

3

o2y 1
:1imvz(—3)=v- Z:Vf
oo j=o \q 1—$ q° -2
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3

q
q° -2
So we can see that the volume of the entire tree depends on the ratio g. This is the graph for

3
the function [ : (v/2,00) = R; f(x) =

u=V

x3-2

3 Density of the tree

First we can assume that every part of the tree has the same density as the whole tree.
Using this fact, we can cut off a part from the tree and we can calculate its volume using the
method presented above, and since it’s a small part, we can calculate its weight, and knowing
these values, we can calculate the density using the following formula : p = 7, where p is the
density, m stands for mass and V represents the volume.

Let be r representing the percentage of water from the volume of the wet tree. Let be p
the density of the wet tree, calculated above. We can establish the following relationship :
P=0=71)Ptreet+ T Pwater; (Pireeisthe density of the dry tree.)

Proof for relation above :
Let be V,, be the volume of the water contained in the tree, and V; the volume of the dry
tree. We have that : V,, = rV and V; = (1 - r)V, where V is the volume of the wet tree.
Now if we set m,, be the mass of the water from the tree and let m; be the mass of the

. . + .
dry tree and we obtain : m; = ptree - Vr and my, = pyater - V. Since p = "‘Q,WJZI, we obtain :
w

p=Lup ‘”“’”J‘r/(l_r)p wed) After simplification we obtain the relationship mentioned above.
We know that pqrer = 1000%.
p—1000r kg

1-r ms

And we obtain : pree =

We must mention that since r represents a percent, then r € (0;1).
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4 Android Application

Complementary to the research, we've also built an Android application that facilitates
the calculation of the tree volume. The app takes as parameters the types of branches (cylin-
drical or cone-trunk shaped), their lengths and their circumferences and adds the volumes
of each branch resulting in the total volume of the tree, which is output in cubic meters.

The application was built using the Android Software Development Kit with the Kotlin
programming language.

13:04 ‘EN Y MiJ84%

ListActivity

Cylinder
318.30988

Cone Trunk
907.18317

Cylinder
25464.791

0.026690 m3

5 Conclusion

The production of lumber is one of the most important sectors that implies the use of
wood. The biggest producers of lumber are the USA (106 mil.m?) , Japan(27,5 mil.m?3), Swe-
den (12,7 mil.m®), Germany, Finland, France , Poland, Austria. Recent studies have found
that, each year, the roundwood industry consumes 2.4B m?3. Therefore, the understanding
of the tree volume and its density is an important topic.
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